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ON SOME PROPERTIES OF THE HADAMARD
PRODUCTS OF FUNCTIONS WHICH ARE
REGULAR IN THE DISK

V. I. Gorbaichuk and V. I. Kuz'mich UDC 517,544

1. Let us dencte by Hp, p > 2,-, the class of functions f(z) which are regular in the disk D = {z : |zl
< 1} and are such that the integral '; li{rei®)IPds, where 0 < r <1, is bounded for each of them, We know
]

[1, p. 389] that every function f(z) €Hp, p > 0, has definite lirniﬁ? values along nontangential paths almost
everywhere on ¥ = {2 : |zl = 1} forming the boundary function f(eif). It follows from Fatou's theorem [2,

p. 66] that fieP) €Ly in (0, 27), t.e., li{: I£(e1®)Pdp}'"/P < w. m what follows we shall denote by hy, p > 0,
the class of functions u(r, §) which areuharmonlc in the disk D and are such that the integral Fluu‘, #)|Pda,
where 0 <r <1, is bounded for each of them.

Let the functions f{z) and g(z) which are regular in the disk D be defined by power series:

to=Sad  zo=3os W

ey nusi}

Let us form the function o

Flz) = i a b2, 2}

which is called the Hadamard product of the functions f(z) and g(z) (see [3], and also [4, pp. 37 and 38]).

In [4] are set forth deep results about the study of the properties of the function Fiz) clustering
around Hadamard's theorem on the product of singularities (in which iz also given an extensive bibliography
on these problems).

V. Daioviteh [5, 6], N. A, Davydov [7], Qiu Hua-Ji [8] (see [8]) and J. P. Milaszewicz [10] have
studied the structural properties of the function Fiz) in relation to the structural properties of the func-
tions [{z) and gfz). The following results are characteristic of this group of problems.

THEOREM 1. If f{z)€Hp and Reg(z) €hy in D, wherep > 1, q > 1, and p~' + 7' =1, then F(z) is
bounded in D and has an angular boundary value almost everywhere on vy,

2. I f(z)EHp and Reg(z) €hy, then F(z)€Hp, 1 =p ==,

The first part of the theorem is due to V. Dajoviteh [6] and was reproved in [8], and the second part
has been proved by Qiu Hua-Ji [8] and has been obtained as a consequence of more general reasonings by
J. P. Milaszewicz [10].

The Poisson integral has been used in (6] and (10] for obtaining the above-stated results. As re-
marked in [11], these results can be obtained with the help of the Parseval contour integral

F{z:-g,-i!irm(%]%. @
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where C is a closed rectifiable contour lying in the domain of regularity of the function being integrated.

We have verified that the first part of the theorem can be proved by this method (see below the proof
of the necessity of the conditions of Theorem 4), and the second part has been successfully proved only
for p » 1 since it {s necessary to use a theorem due to M. Riesz [1, p. 380] which is valid only for p > 1.

Qiu Hua-Ji [8] uses the following integral representation:
T a
F@g) = :H w9 Fr, e dp + ey )
]

where z =pel? pe=p?, 0<p <1, g{reiﬂ- =ufr, ¢} +1iv(r, ¢}, and c; is a constant.
For the study of the other (boundary) properties of the function F(z) @Qiu Hua-Ji [8] uses the equation

n
lim Flp.e) = ?’J w(l, @ f (L& Ndp + ¢, (5)

in the premises of the theorem (the part 1 or 2). But, as observed validly by G. Ts. Tumarkin [12], the
integral on the right-hand side of Eg. (5) may turn out to be divergent under these conditions.

In what follows we shall use the integral representation (3). For this, on putting C = {t:ltl = p, lzl
<p< 1}: we get

i Ia
Fg)m=- Hpe"lg( : )d'r. i6)
&R

For the study of the boundary properties of the function F(z) let us assume that the integral (2m)~! i. fii,

ef'r}gﬁz.,-"ﬂei"ldr and the integral on the right-hand side of (5) converge. Sometimes these in:,:gralos con=
verge by virtue of the conditions imposed on the functions being integrated and Hilder's inequality (this
will, e.g., be the case when u(l, ¢}€Lp, p > 1, (L, e‘w"-l’]'}EIq, q>1, and p! + g"'=1). But in the
cases where the convergence does not follow from such reasonings, the assumption of the convergence of
the above-mentioned integrals extends the possibility of further considerations since, e.g., the function
uft, @)fit, el6-¢}) may be summable under the condition that one of the functions u(l, ¢) and (1, l®-2))
is nonsummable over the same interval.

In such 2 case, according to a theorem of F. Riesz [1, p. 3%0], it is possible o pass to limit under
the sign of integration and the following equations hold good:

Fie" = % Jf € g e g, {7

In
F'h = 'ml“z‘_[ i) f ("M dp + 4 (8}
]

{in the relation (8) we have put, for brevity, u(l, ¢ = uf) and {1, ol{8=0)y = pei(f~gly

Under these initial assumptions and notation we shall study some differential-difference properties
of the Hadamard product in the following section.

3. Let the function rptz}EHp, p > 1, in the disk D and () be the angular boundary value of the func-
tion g(z) almost everywhere on ¥. Then, as we know, @(@)€Ly[zq]. The integral modulus of continuity
of k-th order wgﬂw; t} of the function @(8) is defined by the relation

h P
i g ) = W 'l *
ui” (g f) sup “m#lﬂl.dﬁ]

L]
where dhkﬁﬂ{ﬂ‘} B E {‘-l}k_’(if)qﬂ[ﬂ + kh) is the k-th order difference of the function p(#) given on y.
el
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