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Abstract We introduce a counterpart of the Fréchet distance for the rooted
trees in a metric space. Some properties and possible generalizations of this
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1 Introduction

The Fréchet distance between two curves in a metric space was defined more
than century ago. Informally, this distance is described as the minimal length of
a leash that allows for a dog to walk along one curve and the owner along the
other one.

There is a huge amount of literature devoted to the Fréchet distance. This
distance has numerous applications in mathematics and computer science as well
as in mathematical morphology. There are different versions of this distance, in
particular, a nonmonotone (weak) (see, e.g., [1,2]), geodesic [7], homotopy [6],
discrete etc. Fréchet distance.

One can also try to define counterparts of the Fréchet distance for another
types of graphs. In particular, this is already done for circles (simple closed
curves; [2]). It is worth noting that one can apply the Fréchet distance for circles

in order to impose topology in the set of rosettes (locally convex closed curves

[5])-
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In this note, we define a counterpart of the Fréchet distance for the trees.
One of our motivations lies in possible applications to investigations of planar
domains by means of their skeletons. Recall that the skeleton of a domain is the
set of centers of the maximal balls in this domain. If the domain is sufficiently
regular (e.g., is twice differentiable), then its skeleton is a tree that preserves (in

some sense) the shape of this domain.

2 Fréchet distance

Given a topological space X, we say that a subspace T of X is a tree in X if T’
is homeomorphic to a (topological) tree.

A tree T is rooted if a point base point (root) to € T is specified. We restrict
ourselves with the compact rooted trees. We assume that all the maps between
rooted trees are root-preserving.

Recall that a map of two topological spaces is monotone if the preimage of
every point is connected.

A branch of a tree T is a maximal (with respect to inclusion) embedded
segment in a tree such that the root is one of its endpoints.

A map of trees is said to be branch-monotone if its restriction onto every
branch is a monotone map. A norm on a rooted tree 7' (with root ) is a
continuous function ¢t — ||t||: T — Ry such that |[¢o|| = 0 and which is an

embedding on every branch of T

Definition 1 Let (X, d) be a metric space and let T,.S C X be rooted trees.
Define

Dp(T,S) =inf{sup{d(a(z),s(z)) |z € R} |a: R—>T, 8: R— S

are monotone onto maps of a tree R}.

We first remark that the function Dp is well-defined. Indeed, consider the
bouquet 7'V S of T and S, i.e., the space (T'US)/ ~, where ~ identifies the
roots in 7" and S. There exist natural retractions 7'V S onto T and S. These
retractions (sending, respectively, S and T to the root) are monotone onto maps.

Let dy denote the Hausdorff metric. Recall that

dy(A,B) =inf{r >0| A C O,(B), BC O,(A)}
(by O:+(Y") the t-neighborhood of a set Y is denoted).

Lemma 1 The following inequality holds: Dp > dy .
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Proof Suppose that Dp(T,S) < ¢, where ¢ > 0. There is a rooted tree R and
monotone onto maps a: R — T and 8: R — S such that sup{d(a(r), 3(r)) |
r € R} < c. Given ¢t € T, find r € R such that a(r) = ¢t. Then d(t,8(r)) < c.
Therefore, T C O(S). Similarly, S C O.(T') and therefore di (T, S) < c.

Theorem 1 The function Dp is a metric on the set of all trees in a metric
space (X, d).

Proof Clearly, Dr > 0. If Dp(T,S) = 0, then, by Lemma 1, dg(T,S) = 0 and
thus T'=S.

It is clear that the function dg is symmetric.

We are going to prove the triangle inequality for Dp. Let T, .S, R be rooted
trees in X, Dp(T,S) < a, Dp(S, R) < b. Then there exist rooted trees U,V and
monotone onto maps a: U =T, 5: U — S, ~v: V — S5,6: V — R such that, for
every u € U and every v € V, we have d(a(u), f(u)) < a, d(v(v),d(v)) < b.

Approximating, if necessary, the maps «, 3, v, § by maps that are embeddings
when restricted to the branches one may assume, without loss of generality, that
the maps «, 3,7,0 themselves satisfy this property. (If necessary, one should
attach short enough edges to the roots of 7', S, R and move the roots to the
other ends of these edges. Note also that, if necessary, segments can be attached
to the metric space X under consideration, in order to make these changes of
roots possible.)

Let W be the pullback of the maps U — R < V. More precisely,
W ={(u,v) e U x V| B(u) = v(v)}.

Define o/: W — T and ¢': W — R as follows: o (u,v) = a(u), §'(u,v) = §(v).

We are going to show that W is a tree. Show that W is contractible. Let || - ||
be a norm on S. First note that the map (u,v) — f(u) = y(v): W — S induces
a norm on W; we keep the notation || - || for this induced norm.

Now if (u,v) € W, then there is segments J, K in U and V respectively that
connect (ug,vg) to (u,v). For every 6 € [0, 8(u)] there are unique uy € J and
vg € K such that |lug| = ||ve| = 6. Clearly, 6 — (ug,vy) is a segment in W that
connects (ug, vg) and (u,v).

Define a map H: W x [0,1] — W as follows. Let H((u,v),7) be the point
(Wrfju|)» Vrfu))> Which is described above. Clearly, H is a homotopy between the
constant map with the value (ug,vg) and the identity map 1y,. We conclude that

W is a tree.
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Then

Dp(T, R) <sup{d(c/(u,v),d (u,v)) | (u,v) € W}
<sup{d(a(u), B(u)) + d(y(v),6(v)) | (w,v) e W} <a+b

which completes the proof.
Ezxzample 1 Let
T={(z,0)| -1<2x<0}CR?® S={(2,0)]0<z<1} CR?

with the origin as the root of both 7" and S. Denote the Fréchet distance by §r.
It is easy to demonstrate that 0z (7,S) = 2.

In order to show that Dp (T, S) = 1,let W = TUS. We assume that the origin
is the root of W. Let a: W — T, 3: W — S be branch-monotone retractions.
Then Dp(T,S) < sup{d(a(w),B(w)) | w € W} = 1. Since Dp > dy, we are

done.

Let (C, cg) be a curve with chosen endpoint ¢y (root). For any point ¢ € C,
denote by ¢~ the part of C between ¢y and c, by ¢ we denote the closure of the

complement of ¢™.

Proposition 1 Let T, S be curves whose roots are endpoints. Then, for every
teT, seS, we have

DF(Tv S) < maX{CsF(tiv 87)7 dH(tJra {8})7dH({t}v 8+)} (1)

Proof Let U be a triode, i.e., a graph which is a bouquet of three segments. Let
u, v, w be three points of degree 1 in U. Let ¢ be the point of degree 3 in U. We
suppose that u is the root of U. Now, define a: [u,c] — t—, 5: [u,¢] — s~ be
maps such that the Fréchet distance between ¢t~ and s~ is reached.

Next, define o’: U — T by the conditions: o/|[u,c] = «, ¢/|[c,v] is an ar-
bitrary monotone map onto ¢, o/|[c,w] is a constant map taking the value s.
Similarly, define §’: U — S by the conditions: 5'|[u, ] = 8, #'|[c,v] is a constant
map taking the value ¢, and 3'|[c,w] is an arbitrary monotone map onto s*.
Then sup{d(a(z), f(x)) | x € U} is exactly the right-hand side of (1) and this

completes the proof.

We do not have, however, any estimate of Dg from below (excepting dp).
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3 Remarks and open questions

One can also define a notion of Fréchet distance for non-rooted trees; namely,
let

DF(T, S) = inf{DF((T, to), (S, So) | to €T, sg € S)}

Simple examples demonstrate that Dy # Dp.

A dendrite is a locally connected (metrizable) continuum that contains no
simple closed curves [4]. It seems plausible that our definition of distance between
rooted trees can be easily modified into an analogous definition of distance be-
tween dendrites in a metric space. It is an open question whether the space of
trees would be dense in the space of dendrites.

H. Alt and M. Godau [2] investigated computational properties of the Fréchet
distance. In particular, they showed that there exists an algorithm that computes
the distance between two polygonal curves in time O(mnlogmn), where m,n
are numbers of vertices of the curves. We formulate the problem of finding algo-
rithms for computing the distance between polygonal trees. Note also that for
computational purposes it would be convenient to define a discrete version of
the Fréchet distance between trees in the spirit of [§].
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