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1. Introduction

The notion of fuzzy metric space first appeared in paper [1] and later was modified in [2]. The version from [2], despite
being more restrictive, determines the class of spaces that are tightly connected with the class of metrizable topological
spaces.

Different notions and results of the theory of metric spaces have their analogues for the fuzzy metric spaces. At the same
time, there are phenomena in the realm of fuzzy metric spaces that have no immediate counterparts for metric spaces. The
completeness and the existence of non-completable fuzzy metric spaces can serve as an example. This demonstrates that
the fuzzy metric seems to be a structure that leads to a theory which seems to be a richer one than that of metric spaces.

The construction of new fuzzy metric spaces out of old ones is of interest in the theory of these spaces. The operation of
product of two fuzzy metric spaces is investigated in [3]. In [4], it is shown that there exists a natural fuzzy metric, called
the Hausdorff fuzzy metric, on the hyperspace (the set of nonempty compact subsets) of a fuzzy metric space.

There exists an analogue for the notion of ultrametric (non-Archimedean) metric space for fuzzy metric spaces, see [5,6].

The set of probability measures on ultrametric spaces turned out to be an important object of investigations in connection
with programming language semantics (see, e.g., [7]). In [8], a natural ultrametric is defined on this set.

It is a natural problem to extend the class of spaces on which the probability measures are compared to that of fuzzy
ultrametric spaces. This is done in the present paper.

We consider the notion of fuzzy ultrametric for the case of the t-norm min. Every fuzzy ultrametric is a fuzzy metric and
we observe that the Hausdorff fuzzy metric generated by a fuzzy ultrametric is also a fuzzy ultrametric.

The main result is Theorem 4.1, which states that any fuzzy ultrametric on a topological space that induces the topology
of this space admits an extension onto the set of probability measures with compact supports in this space.

We also show that the set of measures with finite supports is dense in the obtained space. Finally, we prove that, the map
assigning to every probability measure its support, is nonexpanding. Note that this is true for the Vink-Rutten metric but
not for the Kantorovich metric on the set of probability measures.
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2. Preliminaries
2.1. Fuzzy metric spaces

The notion of fuzzy metric space, in one of its forms, is introduced by Kramosil and Michalek [1]. In the present paper we
use the version of this concept given in the paper [2] by George and Veeramani.

Definition 2.1. A binary operation *: [0, 1] x [0,1] — [0, 1] is a continuous t-norm if * is satisfying the following
conditions:

(i) = is commutative and associative;
(ii) * is continuous;
(iii) ax 1 =aforalla € [0, 1];
(iv) axb < c+dwhenevera <candb <d,anda, b, c,d € [0, 1].

The following are examples of t-norms: a * b = ab; a * b = min{a, b}.

Definition 2.2. A 3-tuple (X, M, *) is said to be a fuzzy metric space if X is an arbitrary set, * is a continuous t-norm and M
is a fuzzy set on X? x (0, oo) satisfying the following conditions for all x, y, z € X and s, t > O:

(i) M(x,y,t) > 0,
(ii) M(x,y,t) = lifand only ifx = y,
(iii) M(x,y,t) = M(y, x, t),
(iv) Mx,y,t) * M(y,z,5) < M(x,z,t + ),
(v) the function M(x, y, —): (0, 0c0) — [0, 1] is continuous.

It is proved in [2] that in a fuzzy metric space X, the function M(x, y, —) is nondecreasing for all x, y € X.
The following notion is introduced in [2] (see Definition 2.6 therein).

Definition 2.3. Let (X, M, *) be a fuzzy metric space and letr € (0, 1), t > 0 and x € X. The set
Bx,r,t) ={y eX | M(x,y,t) > 1—r}
is called the open ball with center x and radius r with respect to t.

The family of all open balls in a fuzzy metric space (X, M, %) forms a base of a topology in X; this topology is denoted by
Ty and is known to be metrizable (see [2]).
If (X, M, x) is a fuzzy metric space and Y C X, then, clearly,

My =M | (Y xY x (0,00)):Y xY x (0,00) = [0, 1]

is a fuzzy metric on the set Y. We say that the fuzzy metric My is induced on Y by M.

Let (X, M, %) and (X', M’, %) be fuzzy metric spaces. A map f:X — X' is called nonexpanding if M'(f (x), f(y), t) >
M(x,y,t),forallx,y € X and t > 0. For our purposes, it is sufficient to consider the class of fuzzy metric spaces with the
same fixed norm (e.g., *). The fuzzy metric spaces (with the norm %) and nonexpanding maps form a category, which we
denote by F M S(x).

2.2. Spaces of probability measures

Let X be a metrizable space. By P(X) we denote the space of probability measures with compact support in X (see, e.g., [9]
for the necessary definitions that concern probability measures). Recall that the support of a probability measure & € P(X)
is the minimal (with respect to the inclusion) closed set supp(xt) such that u(X \ supp(u)) = 0. For any x € X, by §, we
denote the Dirac measure concentrated at x.

Any probability measure p of finite support can be represented as follows: u = X[ a6y, where aq, ..., @, > 0and
2! o = 1. By P, (X) we denote the set of all probability measures with finite supports in X.

Every continuous map f: X — Y of metrizable spaces generates a map P(f): P(X) — P(Y) defined by the condition:
P(f)()(A) = u(f~'(A)), for every Borel subset of Y.

3. Fuzzy ultrametric spaces
One can define a counterpart of the notion of ultrametric in the realm of fuzzy metric spaces (see, e.g., [6]).

Definition 3.1. A 3-tuple (X, M, ) is said to be a fuzzy ultrametric space if X is an arbitrary set, = = min and M is a fuzzy
set on X2 x (0, oo) satisfying conditions (i), (ii), (iii), (v) from Definition 2.2 and the following condition:
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(iv) M(x,y,t) * M(y, z,s) < M(x, z, max{t, s}), forallx,y,z € X and t, s € (0, 00).

In [6], it is remarked that condition (iv’) is equivalent to the following:
v’y M(x,y,t) * M(y,z,t) < M(x,z,t),forallx,y,z € Xand t € (0, c0)
(see [5, Definition 5]).
Lemma 3.2. Let M be a fuzzy ultrametric on a set X. Then, for every x,y € X, the function M(x,y, —): (0, 00) — [0, 1] is
nondecreasing.
Proof. Lets < t. Then

M(x,y,s) = min{M(x, y,s), 1} < min{M(x,y,s), M(y,y,t)} <M(x,y,t). O

Remark 3.3. In the proof of Lemma 3.2, we did not use property (v) from the definition of the fuzzy ultrametric.

Proposition 3.4. Every fuzzy ultrametric is a fuzzy metric.
Proof. Givent,s € (0, 1) and x, y € X, we obtain, by Lemma 3.2,
min{M(x, y, t), M(y, z, s)} < M(x, z, max{t, s}) < M(x,z,t +s). O
Let ¢: (0, 00) — (0, 1) be any continuous increasing surjection. Suppose that d is an ultrametric on a set X such that
d(x,y) < 1forallx,y € X. Define My: X? x (0, 00) — [0, 1] as follows:
Ma(x,y, ) =1 —d(x,y) + d(x, y)p(0).

Proposition 3.5. The function My is a fuzzy ultrametric on X.

Proof. Conditions (i)-(iii) and (v) from the definition of fuzzy (ultra)metric are obviously satisfied.
We have to verify condition (iv'). Letx, y, z € X, t, s € (0, 1). Without loss of generality, we may assume that t > s. The
proof splits in two cases.

(1) d(x,y) = d(x, z). Then
min{My(x,y, t), Mg(y, z,s)} = min{1 —d(x,y) +dx, y)e(t), 1 —d(y,z) + dy, 2)¢(s)}
< 1—dx,2z) +dx, 2)e(t) = Mg(x, z, max{t, s}).
(2) d(y, z) = d(x, z). Then
min{Mg(x, y, t), My(y, z, s)} = min{1 —d(x,y) +dx, y)e(t), 1 —dy, z) + d(y, 2)¢(s)}
< 1-d(y,2) +dy, 2)9(s) < 1—d(y,2) + d©, 2)p(t) = Ma(x, z, max{t, s}). O

For any Hausdorff topological space X, we denote by exp X the set of all nonempty compact subsets of X.

Proposition 3.6. Let (X, M, %) be a fuzzy ultrametric space. Then the Hausdorff fuzzy metric space (expX, My, *) is a fuzzy
ultrametric space.

Proof. We use the following definition of the Hausdorff metric My on the set exp X, which is equivalent to the initial one. If
C,DeexpXandt € (0, 00), we let

My(C,D,t) =1—inf{r | C C B(D,r,t), D C B(C,1,t)}.
LetA,C,D e expX ands, t € (0, c0). We have to show that
My (A, C,s) * My (C, D, t) < Mu(A, D, max{t, s}).

Without loss of generality, we assume thats < t.
Suppose that My (A, C,s) > 1 —r,My(C,D,t) > 1 —r, for some r. Then also My (A, C,t) > 1 —r.Givena € A, we see
that there exists ¢ € C such that M(q, ¢, t) > 1 — r. Similarly, there isd € D such that M(c,d,t) > 1 — r.Then

M(a,d,t) > min{M(a, c,t),M(c,d, t)} > 1—r,
and therefore A C B(D, r, t). One can similarly show that D C B(A, r, t), whence My (A, D, t) > 1 —r and we are done. O
Let (X, M, x) be a fuzzy metric space. Given c¢ € (0, 1], define
cOMX,y,t) =1—c+cM(x,y,t), ((x,y,t) € X xX x (0,00).

Lemma 3.7. For any fuzzy (ultra)metric M on X, the function c © M is a fuzzy (ultra)metric on X. The topologies generated by
M and ¢ ® M coincide.
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Proof. The verification that c ® M is a fuzzy (ultra)metric, for any fuzzy (ultra)metric M, is easy and is left to the reader.
Let us use subscript ¢ to denote the balls with respect to the fuzzy (ultra)metric c © M. Then we have
B.(x,r,t) =yeX|cOMX,y,t) >1—r1
=yeX|l—c+cMEX,y,t) >1—r=yeX|M®X,y,t) >1—(r/c)
= B(x,1/c, t),
ifr <c,and B.(x, r, t) = X otherwise, whence the coincidence of the topologies follows. O

Let (X, M, *) be a fuzzy metric space. Let N denote, as usual, the set of positive integers. By X N we denote the countable
power of X. Define M: XN x X" x (0, oo) — R as follows:

M((x;), (), t) = inf{(1/i) © M(x;, y;, t) | i € N}.

Lemma 3.8. For any fuzzy (ultra)metric M on X, the function M is a fuzzy (ultra)metric on X~. The topology generated by M is
the product topology on X (the topology on each factor is generated by M).

Proof. Let us verify property (v) from the definition of fuzzy (ultra)metric. Let ty € (0, oo). Let (x;), (y;) € X™. There is
i € N and a neighborhood U of t; in (0, co) such that M(x, y1,t) > 1 — (1/ip), forall t € U. Then, forany t € U,

M((x), (), t) = min{(1/i) © M(x;, yi, ) | i < o},

therefore M is continuous on U.
The verification of the remaining properties from the definition of fuzzy (ultra)metric is straightforward.
Since

B((x),r,0) = [B1xi,r, )

ieN
(here, B stands for the ball with respect to the fuzzy metric M) and
Bi(xi,r,t) =X

whenever % < r, we conclude that the topology on X~ generated by M coincides with the product topology. O

Lemma3.9. Let x,y € X,r € (0, 1), and t > 0.If B(x,r,t) NB(y, r,t) # 0, then B(x,r,t) = B(y, r, t).
Proof. Letz € B(x,r,t) NB(y, r, t). Then
1—r <min{M(x,z,t), My, z,t)} < M(x,y,t),

whencey € B(x, 1, t).
Now if z € B(y, r, t), then similarly

1—r <min{M(x,y,t), My, z, 1)} <M(x,z, 1),
whence z € B(x, r, t). We conclude that B(y, r, t) C B(x, r, t). Analogously, B(y, r,t) D B(x,r,t). O

Corollary 3.10. Every ball B(x, r, t) is an open and closed set (i.e., a clopen set).

Recall that a topological space is called zero dimensional if there is a base for the topology of this space consisting of clopen
sets.

The following statement is a counterpart for fuzzy ultrametric spaces of that of the zero dimensionality of ultrametric
spaces.

Proposition 3.11. Every fuzzy ultrametric space is zero dimensional.

Proposition 3.12. Suppose that t > s. Then every open r-ball for t is a union of open r-balls for s.
Proof. lety € B(x,r,t)andz € B(y,r,s).Then M(x,y,t) > 1 —rand M(y, z,s) > 1 — r and we obtain
1—r <min{M(x,y,t), My, z,s)} < M(x, z, max{t, s}) = M(x, z, t),
whence z € B(x, r, t). We have proven that B(y, r, s) C B(x, r, t), whence the result follows. O
In [10], the following uniform structure is defined for a fuzzy metric space (X, M, %):
U={{(x,y) | xeBy,1/n,1/n)} | n € N}.

Recall that a uniform space is of uniform dimension < n (see, e.g., [11]), if each of its uniform covers admits a refinement
of dimension < n.
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Proposition 3.13. Any fuzzy ultrametric space is of uniform dimension zero.
Lemma 3.14. Let A be a compact subset of X, to € (0, 00). For any ¢ > 0, there exists § > 0 such that, if x,y € A and
|t —to| < 6, then |[M(x,y,t) — M(x,y, to)| < &.

Proof. It is known (see [4, Proposition 1]) that the map M: X x X x (0, co) — [0, 1] is continuous. Therefore, the restriction
M]|(A x A x ]J), where ] is a segment in (0, oo) containing ¢, is uniformly continuous, whence the assertion follows. O

3.1. Extension of fuzzy ultrametrics

Theorem 3.15. Let X be a fuzzy separable zero-dimensional metrizable space, A a closed subset in X with |A| > 2. Let M be a
fuzzy ultrametric on A compatible with its topology. Then there exists a fuzzy ultrametric M’ on X that extends M and generates
the topology on X.

Proof. Let M be a fuzzy ultrametric on AY defined by the formula:
M((x), (i), t) = inf{(1/i) © M(x;, yi, t) | i € N}.
There exists an embedding j: X — A" such thatj(a) = (a, a, a, ...), for every a € A.
Define M’: X x X x (0, 00) — R by the formula:
M'(x,y,t) = M(i(%),j®), t).
Clearly, M’ is a fuzzy ultrametric on X generating its topology. Since, for every x, y € A, we have

M@y, t) = M((X,%,%,...), 0, ¥,¥,..),t)
= inf{(1/i)) O M(x,y,t) | i e N} = M(x, y, t),

and therefore M’ is an extension of M.
Since j is an embedding, M’ generates the topology of X. O

4. Main result

Given a fuzzy ultrametric space (X, M, min), define a function M: P(X) x P(X) x (0, 00) — [0, 1] by the formula:
I\?[(M, v,t) =1—inf{r € (0,1) | u(B(x,r,t)) = v(B(x, r,t)), foreveryx € X}.
Note that, one can only require that x € supp(u) U supp(v) in this formula.

Theorem 4.1. The function Misa fuzzy ultrametric on the set P(X) (with respect to the t-norm min).

Proof. Conditions (i) and (iii) from DefiAnition 2.2 are obviously satisfied. A

Let us verify condition (ii). Clearly, M(u, u, t) = 1, for every u € P(X) and t > 0. Conversely, if M(u, v, t) = 1, then
w(Bx,r,t)) = v(B(x,r,t)),foreveryx € X,r € (0, 1) and t > 0. Because of o -additivity, we conclude that the values of
and v coincide on all Borel subsets of X. In turn, this implies that & = v.

Let us verify Condition (iv") from Definition 3.1. Let u, v, T € P(X), t,s € (0, o). Suppose, without loss of generality,
that nlax{t, s} =t. .

IfM(u,v,t) > 1—rand M(v,7,s) > 1 —r,then u(B(x,r,t)) = v(B(x,r,t)), forall x € X. Also, v(B(x,1,5)) =
T(B(x, 1, 5)), for all x € X, and, since every ball of radius r for ¢t is the union of disjoint family of balls of radius r for s (see
Proposition 3.12), we conclude, because of the additivity of the measures, that v(B(x, r, t)) = T(B(x, 1, t)), forall x € X.

Therefore,

m(Bx,r,t)) =v(BX,r,t)) =t(Bx,1,1)),

for all x € X, whence 1\71(;4, 7,t) > 1 — r and the result follows.
We are now going to verify condition (v) from Definition 2.2. Let u, v € P(X)L to € (0, o) and M(M, v, tg) =1—rp.
Let (t;){2, be a nondecreasing sequence in (0, 0o) with lim;_, o t; = to. Let M(u, v, ) = 1 —r;,i = 0,1,2,.... Then
()2, is a nonincreasing sequence in (0, 1] (see Remark 3.3). Suppose that ry = lim;_,o 1; > 1o + 2c, for some ¢ > 0.
Then w(B(x, 19 + ¢, tg)) = v(B(x, 19 + c, tp)), for all x € X. By Lemma 3.14, there exists n > 0 such that, for every
X,y € supp(u) U supp(v), we have

IM(x,y,to —n) —M(x,y, to)| < c.
There exists i € N such thatt; > t; — . We are going to show that
B(x, 1o, to) N (supp(u) U supp(v)) C B(x, 1o + ¢, t;).

Indeed, if y € B(x, 1o, tg) N (supp(w) U supp(v)), then M(x, y, to) > 1 — ro, whence M(x, y, t;) > 1 — ry — c and therefore
y € B(x, 19 + ¢, t;). Now, if y € B(x, rg, tp) N (supp(u) U supp(v)), theny € B(y, ro, to) = B(x, 1o, tg) C B(x, 19 + C, t;).
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We therefore conclude that every set B(x, ro + ¢, t;) N (supp(x) U supp(v)), where x € supp(u) U supp(v) is a disjoint
union of the sets of the form B(y, o, to) N (supp() U supp(v)), where y € supp(u) U supp(v). Since x and v are additive
set functions, we have
u(B(x, 1o + ¢, t))) = w(B(x, 10 + ¢, t;) N (supp(u) U supp(v)))
= v(B(x, 10 + ¢, tj) N (supp(u) U supp(v))) = v(B(x, 1o + ¢, t;)),
for all x € supp(u) U supp(v). Therefore, M(,u, v, tj) < 1—(ro+¢) < 1—rj, and we obtain a contradiction with the
assumption rg < ry.

Next, we consider the case of a nonincreasing sequence ()2, in (0, c0) with limj_t; = to. Then (; = 1 —
M(,u, v, ), is a nondecreasing sequence in (0, 1] (see Remark 3.3). Suppose that r; = limj_1; < ro. There exists
¢ > Osuchthatry 4+ 2c < ro.

By Lemma 3.14, there exists > 0 such that, for every x, y € supp(u) U supp(v), we have

IM(x,y, to + 1) —M(x,y, to)| <c.
There exists i € N such that t; < ty + 1. Arguing as above, we conclude that
B(x, g, t;) N (supp(u) U supp(v)) C B(x, 1y + ¢, to).
This, in turn, implies that 1\71(,u, v, to) = 1— (r, +¢) > 1 —ry and we obtain a contradiction. O

Identifying every x € X with the Dirac measure §,, one may regard X as a subset of P(X).

Proposition 4.2. Let (X, M, x) be a fuzzy ultrametric space. Then the fuzzy ultrametric M induces the fuzzy ultrametric M on
X C P(X).
Proof. Letx,y € X. lfM((SX, 8,,t) = 1 —r,then, foranyr’" > r, we have 1 = &(B(x,1’,t)) = §,(B(x,1’, t)), whence
y € B(x, ', t) and therefore M(x, y, t) > 1 — r’. Passing to the limit as r’ — r, we see that M(x, y, t) > 1\71(8x, Sy, ).
On the other hand, if r’ < r, then there is z € X such that 8,(B(z, 1, t)) # 8,(B(z, ', t)). Without loss of generality, one
may assume that
1=68yB(z,1',t)).

Theny ¢ B(z,1’,t) = B(x,r’, t), whence M(x,y,t) < 1 — r’. Passing to the limit as r’ — r, we see that M(x,y,t) <
M8, 8y, t). O

Proposition 4.3. The set P,,(X) is dense in P(X) in the topology induced by the fuzzy ultrametric M.

Proof. Let u € P(X),r € (0, 1),t > 0. Consider an open cover U = {B(x, r, t) | x € supp(u)} of the set supp(u). Since the
set supp(u) is compact, there exists a finite subcover {B(x;, r,t) | i=1,...,k} of U.Letv = Zf‘zl w(B(x;, r, t))8y. Then
v € P,(X).

We are going to show that M(u, v, t) > 1—r.Tothisend, consider B(z, r, t),forz € X.Ifz € U{B(x;,r,t) |[i=1,...,k},
then, using Lemma 3.9 one can suppose that z = x;, for somei =1, ..., k. Then

v(B(z,1, 1)) = n(B(z, 1, t)) = u(B(x;, 1, 1)).
Ifz & U{B(x;,r,t) |i=1,...,k}, then, using Lemma 3.9 again, one can show that also
B(z,r,t) NU{B(x;, r,t) |i=1,...,k} =0,
whence v(B(z, 1, t)) = w(B(z,r, t)) =0.
We conclude that M(u, v, t) > 1 — r and therefore v € B(u, r,t). O
Proposition 4.4. The map supp: P(X) — exp X is nonexpanding.

Proof. Let 1, v € P(X) and I\A/I(M, v, t) > 1o, where ry € (0, 1). Then from the definition of M it follows that there exists
r < 1—rpsuchthat v(B(x,r,t)) = w(B(x,r,t)), forallx € X.

Suppose that z € supp(u), then from the definition of support it follows that v(B(z, r,t)) = w(B(z,r,t)) > 0 and
therefore there exists z’ € supp(v) such thatz’ € B(z, r, t).

Therefore, supp(u) C B(supp(v), r, t). One can similarly show that supp(v) C B(supp(u), 1, t).

This implies that

My (supp(), supp(v),t) > 1—r>1—-(1—ry) =719

and we conclude that the map supp is nonexpanding. O

Proposition 4.5. Let (X, M, x), (X', M, %) be fuzzy ultrametric spaces and let f: X — X’ be a nonexpanding map. Then the map
P(f): P(X) — P(X’) is also nonexpanding.
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Proof. We are going to show that, for every i, v € P(X) and t > 0, ifM(,u, v, t) > o then M’(P(f)(,u), P(f)(v),t) > o.

Given M(u, v,t) > p,onecanfindr € (0, 1) suchthat 1 —r > p and u(B(x, r,t)) = v(B(x, r,t)), for all x € X. Since
the map f is nonexpanding, we see that f (B(x, r, t)) C B'(f(x), r, t) (by B' we denote the balls in X"), whence, by Lemma 3.9,
foreveryy € X', the set f~1(B'(y, r, t)) is a union of disjoint balls of the form B(z, r, t) in X. Therefore, from the o -additivity
of  and v, it follows that

P By, 1, 0) = u(f By, r,1))
= v B .1, 1) =PEO)B Y, 1, 10),

forally € X', whence M/(P(f)(u), P(f)(v),t) > po. O

It is easy to see that from Proposition 4.5 it follows that P is a functor from the category # M8(x) to itself. One can
also prove the same for the hyperspace construction exp. Then, from Proposition 4.4 one can deduce that supp is a natural
transformation of the functor P into the functor exp.

5. Remarks and open questions

In [12] the functor of idempotent measures in the category of ultrametric spaces is defined. We conjecture that a
counterpart of this functor can be defined also for fuzzy ultrametric spaces.

In [4] it is proved that the hyperspace of a fuzzy metric space is complete if and only if the space itself is complete.
Recall (see [2]) that a fuzzy metric space (X, M, %) is complete provided that every Cauchy sequence in X is convergent with
respect to the topology tj;, where a sequence (x;,)ney in X is said to be Cauchy if for eachr € (0, 1) and each t > 0 there
is ng € N such that M(x,, xn,, t) > 1 — r for all n, m > ng. We leave as an open problem that of completeness (as well as
completability) of the fuzzy ultrametric spaces of probability measures considered in this paper.

In [13], a notion of intuitionistic fuzzy metric space is introduced and studied. See [14] for connections between fuzzy
metric spaces and intuitionistic fuzzy metric spaces. In particular, in [14], an intuitionistic fuzzy metric is considered on the
hyperspace of an intuitionistic metric space. We formulate the problem of existence of an intuitionistic fuzzy metric on the
set of probability measures on intuitionistic fuzzy metric spaces.

It is interesting to compare the weak* topology on the set P(X) and the topology generated by the fuzzy ultrametric.

In connection with Theorem 3.15, the following two questions arise:

Question 5.1. Can one drop the condition of separability of the space X?

Question 5.2. Is there a counterpart of this theorem for the uniform spaces?

We finish with the problem of proving similar results for the idempotent measures (see [12]).
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